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Abstract. We prove bilinear estimates for the Schrodinger equation on 3D domains, with Dirichlet 
boundary conditions. On non-trapping domains, they match the R 3 case, while on bounded domains 
they match the generic boundary less manifold case. As an application, we obtain global well- 
posedness for the defocusing cubic NLS for data in Hq(Q), 1 < s < 3, with fl any bounded domain 
with smooth boundary. 

Resume 

On demontre des estimations bilineaires pour l'equation de Schrodinger sur des domaines tridimen- 
sionnels, avec condition de Dirichlet au bord. Dans le cas non-captant, on retrouve les estimations 
connues dans R , et sur un domaine borne on obtient des estimations similaires a celles du cas 
d'une variete compacte generique sans bord. Une application est donnee a l'existence de solutions 
globales dans Hq(Q), 1 < s < 3, avec Q un domaine borne regulier. 

1. Introduction 

Let fi c I 3 be a domain with a smooth boundary cT2, and consider the Schrodinger equation 
(1) id t <f) + A(f> = e\(p\ 2 (j), with (j>\ 8n = and cf> t = = (f>o . 

Our first interest is the linear equation, that is e = 0. When Vt = M 3 , dispersive properties of ([1]) 
are well-understood and play a crucial role in understanding the nonlinear case e = +1. One has a 
large set of sharp Strichartz estimates (|32 [ [16 l l23| and among other things the nonlinear problem is 
locally well-posed in the Sobolev space 2 (IR 3 ) ([13]), and globally well-posed in the energy space 
if 1 (]R 3 ) (with a smallness condition on the L 2 (IR 3 ) norm in the focusing case e = —1), see [16j. On 
domains, our understanding of dispersion is far from complete: depending on the geometry of light 
rays, we have essentially two cases, 

• Q is the exterior of a non trapping obstacle: a restricted set of non sharp (but scale-invariant) 
Strichartz estimates is known to hold ([3], see also |28) and [9]), together with square- function 
type estimates, [22]. In the special case of a strictly convex obstacle, Strichartz estimates 
hold as in M 3 (except possibly for the endpoint), [20j; 

• O is a compact domain with smooth boundaries: there, the same set of estimates as in the 
exterior case in known to hold, but only at semi-classical time scales. In fact, the estimates in 
the non trapping case are obtained by combining these semi-classical estimates with the local 
smoothing effect, following a strategy pioneered by [31]. Thus, the best available Strichartz 
estimates are due to [3] (see also [4] and [2] for earlier progress) and they exhibit losses 
with respect to scaling (translating to a regularity loss when compared to the exterior case). 
Moreover, when compared to Strichartz estimates on compact manifolds without boundaries 
([10j), we have a restricted set of exponents. As such, one may solve the nonlinear cubic 
equation ([1]) only for H S (Q) n Hq(Q), 1 < s ^ 2, and this is a local in time construction 
(combined logarithmic losses in the available Strichartz estimates prevent a Brezis-Gallouet 
or Yudovitch-like argument). Moreover, counterexamples to the sharp Strichartz estimates 
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were constructed in [19J (though this leaves a large gap to be filled between our current 
knowledge and these counterexamples). 



On compact, boundary less, manifolds, an alternate strategy was pushed forward in I12j : 
Strichartz estimates are replaced by bilinear L^ x estimates, following [6 J which dealt with ratio- 
nal tori. On specific manifolds (e.g. Zoll manifolds), for which eigenvalues and eigenfunctions are 
well-distributed, these bilinear estimates prove to be more efficient than Strichartz estimates. In 
[1], such bilinear estimates are established for radial data on 17 = B(0, 1), and they match the Zoll 
manifold case (however, [T| provides a counter-example to such optimal estimates in the non radial 
case), providing near optimal well-posedness for the cubic NLS. Moreover, we learned after comple- 
tion of the present work that the radial quintic NLS may be addressed (|26j) by tranfering estimates 
from the boundary less manifold S 3 . In a different direction, bilinear estimates have proved to be 
quite useful in the whole space when dealing with long time behavior of nonlinear solutions (from 
[7] to |14j). Heuristically, one would expect such bilinear estimates to hold on the semiclassical time 
scale for generic compact manifolds, and this is indeed true, [18J. 

Our aim is to obtain such estimates on generic domains, with Dirichlet boundary conditions. In 
|28j . we derived a linear L\ x estimate from our general bilinear virial machinery (later matched in |3j, 
among a larger set of estimates); as a side note, [28] provides an argument allowing to recover [7j from 
the Radon transform estimate, but such an argument, while mostly based on integration by parts, 
is still using preservation of the Fourier support by the linear flow (and the argument is, in some 
sense, non local due to the use of the Radon transform). In |27j . we provide a different argument, 
much more local, and based on a Sobolev trace lemma (such an argument would allow to recover |18j 
through an appropriate microlocalization procedure); similar arguments appeared independently in 
|29j (see also |30| for further developments) in dealing with the covariant Schrodinger equation. 
However these procedures still rely on localizing the Fourier support in a specific direction, which 
seems out of reach for the boundary value case. Very recently, however, |15| obtained a variant 
of such bilinear estimates on the exterior of the strictly convex obstacle (such a gradient form of 
bilinear estimates already proved useful in [1]). The argument from |15j relies on the Strichartz 
estimates from |20j and on the trace lemma applied to the bilinear virial estimates from [28J, but 
done in a way which only involve the low frequencies, bypassing "directional" requirements on the 
high frequencies. In the present paper, we adapt that argument to generic domains, irrespective 
of the geometry of the boundary, obtaining a bilinear estimate which involves trace terms on the 
right-hand side. Such trace terms are then disposed of, either by local smoothing effects in the 
non trapping case, or by restricting to semiclassical time scales on compact domains. Furthermore, 
we utilize the machinery developed in |21] to derive the usual bilinear estimate from the gradient 
one. The combination of both estimates immediately recovers the local well-posedness result we 
mentioned earlier for ([TJ in H s (£l) n Hq(Q) for 1 < s < 2 QlJ) ; we further develop the local theory 
close to s = 1 by combining our bilinear estimate, the endpoint Strichartz estimate from [3] together 
with a discrete Gronwall-like estimate (inspired by [5]) to obtain global well-posedness results. 

The main advantage of the present note is that it mostly relies on basic tools to obtain estimates 
on linear solutions, as we do not require any sophisticated microlocal approximation of the solution; 
however, we deal with the flat Laplacian on a domain, unlike most of the aforementioned results 
which deal with smooth manifolds (hence variable coefficients) and both Dirichlet and Neumann 
boundary conditions. We claim however that the present approach is mostly local in space, and 
may be adapted to the variable coefficients case, at the expense of technical tedious complications. 
We chose to focus on the flat case to highlight the simplicity of the argument. 
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2. Main results 

2.1. Bilinear estimates for the linear Schrodinger equation on a domain Q,. Let Q, 

be a domain with a smooth boundary dfl, and consider the Schrodinger equation 

(2) id t w m + Aw m = 0, with w m \ 8 n = 0, 



where m stands for data w m (0) which are spectrally localized at V —A ~ 2 m , m 6 Z. By this, we 
mean that, for some <p e Cg°(M+), w m = ip(2~ m ^J— A)w m . The smoothed out spectral projector 
cp(\/—A) may be defined by spectral calculus or, more directly, by the Dynkin-Helffer-Sjostrand 
formula (see [21J for details and useful properties of such operators). Let us define, for k e N* and 
with d n the normal derivative on the boundary, 

rT r fc 

(3) H k {w m ) = \\w m {$)\\ 2 \\w m {Q)\\ klm +\ V2- 2lm \d n A l w m \ 2 dS x dt . 

° y ' Jo JxednfT 

Theorem 2.1. Consider two solutions Uj and to ([T]), with data Uj(0) which is spectrally localized 
at \/—A ~ 2 J and data Ufc(0) which is spectrally localized at \/—A ~ 2 fc , where k ^ j. Then the 
following bilinear estimate holds: 

(4) T HVujIllcfc < 2 2fc (||vfc(0)||l7£o(«i) + ||%(0)|||%(^)) . 
Jo 

We now provide bilinear estimates when one has global (in time) control of the boundary term. 

Proposition 2.1. Let Uj and be as in Theorem \2.1\ and assume moreover that = M 3 \S, where 
E is a non trapping smooth compact obstacle. Then, 

(5) I 11^11^ + 2-^ I || v k Vuj ||| dt < 2 2k - j \\uj (0)|| 2l|wfc(0)|| I . 
Jm Jr 

In [15J, the gradient estimate from the left-hand side of ([5]) is obtained for a strictly convex E 
(actually the statement there deals with \S/{vkUj)\2 but as we will see later the difference term is 
at a lower order). 

On a bounded domain, one will have losses unless T < 2~ J : 

Proposition 2.2. Let Uj and be as in Theorem \2.1\ and assume moreover that Q is a compact 
domain o/M 3 with smooth boundary. IfT< 2~i then 



(6) f \\u j v k \ldt + 2- 2j [ \\v h Vu j f 2 dt<2 2k - j \\u j (tt)f 2 \\v k {Q)\ 

Jo Jo 



Moreover, for T < +oo, we have 
rT 



(7) f \\u j v k \\ 2 2 dt + 2- 2: > [ \\v k V Uj \ 2 2 dt < T2 2k \\u j {0)\\l\\v k (0)\\ 2 , . 

Jo Jo 



3. Application 
We now return to our nonlinear cubic Schrodinger equation ([1]). 

Theorem 3.1. Let Q be a bounded domain in M 3 with smooth boundary. Let <J)q e Hq(Q) with 
1 < s < 3. Then the defocusing (p} admits a global solution u e Ct(iJg) which is unique in a 
suitable subspace. The same result holds true in the focusing case provided the L 2 (f2) norm of (j)Q is 
sufficiently small with respect to the Hq (f2) norm. Moreover, the associated flow is analytic. 
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Before stating further results, we need to define several function spaces which will be of help. 
We start with (inhomogeneous) Besov spaces which are built on the spectral localization ( |21) for 
details). Let us recall that a Littlewood-Paley decomposition is a collection of operator (Aj)j e ^ 
defined as follows: let e <S(R) such that $ = 1 for |f | < 1 and $ = for |£| > 11/10, <f)j(£) = 
2^{2^), Sj = (f>j{V^A), = (<f> j+1 - </>j)(0, A j = S i+i ~ S J = ^j(V^S). For notational 

convenience, we may sometimes refer to Sq as A_i. We shall denote Uj = Ajti. 

Definition 3.1. Let f be in S'(Cl), s e R and 1 < p, q < +oo. We say f belongs to Bp' q (resp. 
if and only if, with Xj s = 2 J ' S (resp. Xj jS = 2 Js log2 j) 
•Safe LP. 

• The sequence (£j)j e n with Ej = X(j, s) \\ Aj(/) \\lp belongs to l q . 

We define our Sobolev spaces Hq(£1) = B^ 2 and remark Hq(U) is the usual Sobolev space 
associated to the Dirichlet Laplacian. We will later use its subspace BJ, . Notice that functions in 

.Bg' 2 for s > 1/2 will satisfy trace conditions (involving only powers of the Laplacian) as they are 
embedded in the definition through the use of the spectral projector. Finally, we will also need the 
conormal spaces introduced in \24\ 125] . In the present paper, the atomic spaces U p and V p may be 
seen as a black box for which we refer to Section 2, |17| . for definitions and useful properties. In our 
setting, we will be using Definition 2.15 in [T7] with S(t) = exp(itA) the linear Schrodinger group 
associated with the Dirichlet Laplacian: 

Ug = S(-)U P , with norm \\u\Ijjp = \\S(—)u\\up 

Vg = S(-)V P , with norm \\u\\yp = \\S(—-)u\\yp 

Definition 3.2. Let u(t, x) e <S'(R x CI), set. We say that u e X\ if and only if, 

(8) Hxi = 2 2- 7 '(logj)5||A J n(t,-))|| [7 | < +co 

and u e X s if and only if, 

(9) \\u\\s = J] 2 2s i\\A jU (t, O)!! 2 /! < +00- 
Similarly, we say that v e Yf- 1 if and only if, 

(10) H 2 ±1 = sup2 ± - 7 '(logj)"^||A i i;(t,-))||v2 < +oo 
and v e Y s if and only if, 

(11) \\v\\ Y s = J] 2 2 "'||A i T;(V))|lv2 < +00. 

The most important property relating our spaces is that the Duhamel operator associated to S(t) 
maps the dual of Yf 1 (or Y~ s ) to X\ (or X s ). Moreover, any multilinear estimate on products of 
linear solutions to the Schrodinger equation may be transferred to our functional spaces, at most 
at a cost of a log loss in the constants. 

Now, we can reformulate a more precise local (in time) version of Theorem 13.11 

Proposition 3.1. Let Q be a bounded domain in R 3 with smooth boundary. Let <fio e BJ, c Hq(Q). 
Then §Q) admits a unique local in time solution u e . Moreover, the associated flow is analytic, 
and the local time of existence T is at least comparable to ||</>o|| _ i i • 

B 2,l 

When the data <po is smoother, we may refine our local result: 
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Proposition 3.2. Let fl be a bounded domain in M 3 with smooth boundary. Let 0q e ^o(^) f or 
1 < s ^ 3. Then §Q) admits a unique local in time solution u e Xf . Moreover, the solution is in 
X s <—* Ct(H s (Q)), and the local time of existence T is of order (log ||^o||iT s (Q) log log \\4>o\\h 3 (q.)) 1 
(provided the L 2 (Q) norm of (fro is small in the focusing case). 

This last result takes into account the conservation of the Hamiltonian, which provides control 
of the Hq norm. The double logarithm appearing in the time of existence translates into a triple 
exponential growth of the corresponding Sobolev norm as a function of time. 



4. Proofs and further developments 

We start with proving Theorem 12.11 Let us recall a result from |28| . Let u,v be two solutions to 
the Schrodinger equation which are not necessarily spectrally localized, and define 

(12) Jrfx-dMWM**. 

Theorem 4.1 ([28]). Let p be a weight function such that its Hessian H p is positive; let 

(13) F(u, v)(x, y) = v(y)V x u(x) + u(x)V y v(y) . 
We have 

(14) d\L p = 4 J H p {x - y) (F(u, v) (x, y) , F(u, v) [x, y)) dxdy 

J xedQ,yeQ 

JyedQ,xeQ 

We follow |15| in spirit, although our presentation will differ, both on the choice of weight and 
our later treatment of lower order terms. First, rather than applying our theorem with the weight 
poj(x — y) = \oj ■ (x — y) + a) | where uj e § 2 is any direction and a e M is a spatial parameter which 
will be averaged later, we directly use the weight p^^ defined as follows: 

Pu,k(z) = \u • A if \uj ■ z\ > 2~ k , 

Poj,k( z ) = 2 *l w ' z ! 2 /2 + 2~ k /2 if \u ■ z\ ^ 2~ k , 

This yields, 

(15) \uj(x)(uj.V)vk{y) + v k (y)(uj ■ V)uj(x)\ 2 dxdy 

J\(x-y)-uj\<2- k 

\vk\ 2 {y)S n Puj,k{x - y)\d n Uj\ 2 (x) dS x dy 



xedfl,yeQ 

Uj\ 2 (x)d n p UJtk (x - y)\d n v k \ 2 (x) dS y dx = -dfl Putk . 



^y( 



)yedfl,xefl 

Let us deal with the right-hand side: after time integration and with 
w • Vp Wifc (z) = l k . a; | >2 - fc sgn(z • u) + l\ zM ^ 2 - k 2 k 



Z ■ CO 
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which we notice is a bounded function, we get 



dtI Pu<k (t) = • Vp^O - y)lmuj(u ■ V)uj(x)\v k \ 2 (y) dxdy 

- J ui ■ Vp Wjfe (x - y)lmv k (uj ■ V)v k (y)\uj\ 2 (x) dxdy 

which is easily seen to be bounded, 

\d t I Putk {T) -d t I Pu>k (0)\ < 11^(0)11111^(0)1121^(0)11^^ + ||«i(0)||l||«(0)|| 2 ||u fc (0)||^ (n) . 
On the other hand, \d n p U)k \ ^ 1 an d the boundary terms in (fl"5"|) may be bounded by 

(16) \v k \ 2 (y)\d n p ul (x - y)\\d n Uj\ 2 (x) dS x dy 

JdnxQ 

Wj^ix^dnPuix - y)\\d n v k \ 2 {x) dSydx < 7io(uj)\\v k \\ 2 + 'HoC^II'Ujh . 



J 



inxdn 
We are thus left with 



(17) \uj(x)(uj -V)v k (y) + v k (y)(uj -V)uj(x)\ 2 dxdydt 

JO J\(x-v)-oj\<2- k 



>0 J\{x-y)-u)\<2- k 

£ |w*(0)||lWo(«j) + ll%(0)|||^o(^) ■ 

We now consider the term u-j{ui-V)v k in the | • • • | 2 inside (|17p above, and restrict to |(a;— y) \ < 2~ k , 
where for any z, z 1 - = z — (z ■ u)oj, to get 

n\uj{x){u -V)v k {y)\ 2 dxdydt; 
,{x-y)-w\<2- k J\(x-y) ± \<2- k 

changing variables so that y = x + z, we may bound this integral from above by 



n\uj(x)(uj ■ V)v k (x + z)\ 2 dxdzdt , 
l z|<2-( fc - 1 ) 



as {\(x — y) ■ oj\ < 2~ k } n {\(x — y) 1 ] < 2~ k } c {\x — y\ < 2~( fc ~ 1 )}. Notice that the variable z is 
averaged over a ball of size 2 _ ( fe_1 ), which is the dual size of the spectral localization at 2 k of v k . 
This will be crucial later on. For now, by Cauchy-Schwarz, 

Jl ~ f \\uj\\\dxdt[ \\Vv k \\\dxdt [ dz < 2~ 3k f \\uj\\\dxdt[ \\ \J-/\v k \\ dxdt . 

Jo Jo J|^|<2-( fe - 1 ) Jo Jo 

We then use the linear Lf x estimate from [28], which becomes with our notations 

Lemma 4.1 (|28j). Let w m be a solution to ([2]). Then 

rT 

(18) \\w m \\\dt < \\w m (0)\\%Ho(w m ). 

Jo 

Moreover, when £1 is compact, 

(19) f \\w m \\idt<T2 2m \\w m (0)\\i 
Jo 

Therefore, we have \\uj\\fdt < \\uj{0)\\?{Ho(uj) an d \q \\ v k\\fdt < \\vk{0)\\' 2 ,'Ho{vk), an d get 

(20) J w < \\ Uj (0) UHofa) x 2- 3fc+2fc || Ufc (0)|| 2 ^o(^) • 
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Going back to (|17p . we may restrict the space integration to \x — y\ < 2~ k as well as change variables 
y = x + z and consequently we are left with 

K^u^v) = \v k (x + z)(uj ■ V)uj(x)\ 2 dxdzdt 

Jo J|z|<2- fe 

for which we proved (combining ([17p and (|20D ) 

(21) K u (u,v) < 2- k (||t7fc(0)||lW («i)| + ||«i(0)|| 2 Wo(wfc)) ■ 

We digress with an elementary version of the trace lemma: 

Lemma 4.2. Let (ft be a smooth function in IR 3 and A > 0. Denote by the cube centered at x = 
with size [x. Then 



(22) |0(O)| 2 < A 



l \ |A<A| 2 + A 3 f 



By standard elliptic regularity, (f22|) is true for a cube of size A = 1. The estimate for any A then 
follows by rescaling, applying the estimate for A = 1 to 0(A •). □ 
We now apply the lemma to v k (x + z) as a function of z, with A = 2 fe ~ 1 : 



|t; fc (x)r < 2 _ " \A z v k {x + z)Y dz + 2 M \v k (x + z)\ z dz . 

J\z\<2~ k + 1 J|z|<2- fe + 1 

Taking advantage of A z v k {x + z) = A x v k {x + z), we can combine (|2ip for vp. with (|2ip where v k 
is replaced by Avk which is also a solution to the Schrodinger equation with Dirichlet boundary 
condition: 

f f \v k (x)(u ■ V) Uj (x)\ 2 dxdt <2- k KUu,Av k ) + 2 3k KUu,v k ) 
Jo Jn 

<2- 2k (||A^(0)|||H o (%) + \\u 3 (0)\\lK (Av k )) 

+ 2 2k {\\v k (0)\\ 2 2 n ( Uj ) + ||«j(0)||lWo(«fc)) 

<2 2k (\\v k (0) \ 2 2 U {u 3 ) + [|«i(0)|||H 2 (vfe)) , 

Which is the desired conclusion, as u is any direction in §> 2 . Theorem 12.11 is proved. □ 
Notice that 

i m i 



(23) ^ \\ Uj Vv k \\ldt ^ Q lujllt*) Q Iv^AujfeUt tit^ ^||«i(0)||2%(«i)5||v fc (0)|| 2 ?£o(«fc)5 

so that we also control V{ujV k ) or V(ujV k ) rather than just v k \7uj. This will prove to be useful in 
the next argument. 

We now prove ([5]) from Proposition 12.11 and ([6]) from Proposition 12.21 let us sumarize our current 
result as 

(24) 2~ 2k -i f K-Vt; fc ||! + ||V(^v fe )||l dt < 2- k n 2 (v k )\\ Uj (0)\\ 2 2 + 2^n Q (u j )\\v k (0)\\ 2 2 = T(uj,v k ) . 

Jo 

Let A; = (p(2~ 2l A) be a spectral localization on f2. Let Qi = 2~ l V exp(2~ 2 'A)and Q* its transpose. 
We need to prove 

||A,( W )|||di < 2 2k ^\\ Uj (0)\\ 2 2 \\v k (0)\\ 2 2 , 



Jo l Jo 



JO 

where T is arbitrarily large on a non-trapping domain or T < 2~ J on a bounded domain. 
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Start with I > j: we have 



Aiiujvk) = Aiexp{2^ 2l A)2- 2l A( Uj v k ) = AiQ^2- l V(u jVk ) 



where A; = V>(2"^A) and = exp(£) e Cg°(R^) 5 and therefore, as Aj, Q* are bounded 

on L 2 (see [21]) 

f \\A l (uv)\\ 2 dt<2- 2l+ i +2k r(u j ,v k ), 
Jo 

which we may sum over I > j to get that 

(25) V f WA^Wldt < 2-i +2k T{ Uj ,v k ). 

l>i Jo 

We now proceed with I < j. We consider directly 

2j Aj(« 3 -«fc) = Sj(ujv k ). 

l<3 

Recall Uj = 0(2 _2 - J A)v,j where (j) is compactly supported away from £ = 0. Let <fi e Cq°(R*) be 
such that £ -1 <^(£) = 1 on the support of <f>, and = ^(2 -2 - 7 A). We may rewrite 

Sj(ujV k ) = Sj(v k 2~ 2j AVjUj) , 

and iUj = PjUj is a solution to ([2]) with data Wj(0) = T>jUj(0). Then 

Sj{ujV k ) = S j (2- j dw(v k 2- j Vw j ) - Sj(2- j Vv k ■ 2~ j Vwj) 

= SjQ'ic h -2 ; V/r ; ) - 2 k - j Sj{2- k Vv k ■ 2~ i Vw j ) , 

where S3 = j(2~ 2j A) and 7 (£) = (£ /<0 fi^O e M0 e <T([0, +00)). Again, S,-, 5 is Q* are 
bounded on L 2 and therefore, using (|24p on v k Wwj and Lemma [4.11 for V^fc and Vu)j, 
-T 

I^Cu^llldt < 2^2 2fc+ J'r(ti; i ,t; fc ) + 2 2 M||w i (0)|| 2 HoK)5 ||«fc(0)||2Wo(«fc) 3 

< 2 2fc - J r(u> j , Vfc ) + 2 2 ( fc - J V'/ 2+fc / 2 r(u> i ,v fc ) , 
and using k < j and continuity of Pj, 

(26) T ||^-(^^)|| 2 dt < 2 2 ^r(^,^.) . 

Jo 

In order to complete the proof, we proceed differently depending on the domain. Let S be a 
(compact) strip close to the boundary 30, we recall the following estimate from [28j (eq. (5.4) p. 
279), on solutions to ([1]) with e = (linear equation): 

(27) f f \d n ct>\ 2 dSdt< [ Hf HHs) dt+ sup U\\ V2 . 

Jo Jen Jo [o,t] 

We are now facing two different situations: 

• if O is the exterior of a non-trapping compact obstacle, local smoothing holds (|8j) and the 

time integral on the right-hand side of (127ft is controlled by the other term, itself controlled 

by invariants of the flow. Hence, 

(28) f f \d n ct>\ 2 dSdt< UhUWmm- 

Jo Jen 
Recalling the definition of T(-, •), T~i k {-) and using the frequencies localizations, we get 

T{ Wj ,v k ) < ||wj(0)|| 2 ||ufc(0)||2 < ||^(0)|| 2 ||ffe(0)|| 2 . 



f 

Jo 
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Gathering (I25p . (I26p we obtain the desired estimate ([5]); 
• if £1 is a compact domain, we simply restrict T < , so that 

(29) ^ J |5 n 0| 2 dSdt < 2-^1^(0)11^1^ + ||<M0)|| 2 ||<M0)|| W) • 
Now, we get again 

r(u>j,t>fc) < 1^(0)1211^(0)112 < || (0) || 2 || ^fc(O) || 2 , 

but only for T < 2~ 3 . Gathering (|25|) . (|26p we obtain the desired estimate (|5J); for any 
interval [0, T], we split into intervals of size 2~ J and sum up, which yields (|T|) . 
This achieves the proof of Propositions 12.11 and 12.21 □ 

4.1. Nonlinear equation on a domain. We shall use the following result to estimate norms in 
our conormal spaces Xh, and X s , which can be extracted from |17j . 

Lemma 4.3. Consider u the solution of idt + An = /, u\qq = Quu = q = uq. Then for any s, 

\\u\\x s «S Ct(||uo|| s s,2 + ll/H (Y -')')> 

where (Y~ s )' is the dual space (with respect to the L\ x bracket) ofY s . 

Remark 4.1. It should be emphasized that, for small T, Ct ~ C, which is a consequence of our 
use of the U and V spaces. Hence, in a contraction argument, the smallness may not be provided 
by the Duhamel estimate (as is customary with the classical X s,b spaces), nor by rescaling since we 
are on a domain. However, the nonlinear estimate will be derived using (|7|) where the T factor will 
serve this purpose. 

The important feature of the U and V based spaces is that we have a good transference principle: 
multilinear estimates involving linear solutions to the Schrodinger equation may be turned into 
estimates for our Xf^ spaces. From now on, it should be understood that we restrict the time 
interval to a fixed time interval [— T, T]. Given that functions in our spaces can be time-truncated 
this is harmless. 

Proposition 4.1. Let u^\u^\u { ^ e Xj then u^u^u^ e {Yf 1 )' and 

(30) \\u^u^u^\\ {Y -i y < T\\u^\\ xl \\u^\\ xl \\u^\\ xl . 
Moreover, if u e X s , for 1 < s 3, then 

(31) |||u| 2 ii||(y- a y < TUnll^i ||n||x s • 

Both nonlinear mappings are proved by duality: for convenience, introduce v e Y, , then (1301) is 
a consequence of 

U1U2U3 Aw dxdt 

Jo Jn 

while, with v e Y 2 ~ s , (f3T|) is a consequence of 

uuuAv dxdt < TlliiH^i \\u\\x s IM|y2- s . 
Jo Jn 1 

Both space-time integrals may now be decomposed into dyadic pieces, and we are left with estimating 

(32) // ,/.,,:,/; j (i ^u^ufJufjAv j4 dxdt 

where the first three factors are dyadic pieces of the corresponding i^ 1 ' 2,3 ) and the fourth one of v. 
In order to proceed, we recall the following end-point result, which will be crucial: 



n 



< r||n (1) || x i||'u (2:) || x i||u (3) || x i||u|| y i , 
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Proposition 4.2 (|3j). The solution w m to the linear Schrddinger equation ([2]) satisfies 

(33) \\wm\\ L 2,L^(n) ^ VTm 2 2 m \\w m (0)\\ 2 . 

This is nothing but a summation over time intervals of [3], Lemma 6.1 (which is stated on an 
interval of size 2~ m ), together with conservation of mass. Notice that (|33p has a double logarithmic 
loss in the frequency. We may now use Proposition 2.19 (i) in [17J to obtain, for a generic w m which 
is frequency localized at 2 m , 

(34) \\ w mh 2 T L<*>(n) ~ VTm 2 2 m Unplug, 

while we have the obvious "energy" estimate \w m \^ L 2 < \\w m \\jjq for any q ^ +oo. We may now 
state our key estimate as a suitable analog of Proposition 12.21 



2 



Proposition 4.3. Let Uj and v k be frequency localized functions with k < j, then 

(35) 
and 



f \\ujV k f 2 dt + 2~ 2j f IvfcVMjllid* £ T2 2fe || ^11^2 11^(0) 
Jo Jo s 



(36) H^i^fclll + 2 _2j llvfcV^^fii < T2 2fc (log/c) 2 ||u j ||^2||wfc(0)||^ 2 

Jo Jo s s 



Moreover, 



rT rT 

(37) 2 -2k-2j \\ Uj /±v k f 2 + 2~ 2j \\ Uj Vv k \\ldt < T2 3k -i \\ Uj f y2 \\v k {<d) \ 2 2 . 

Jo Jo S S 

Proof. The first estimate (|35p is a direct consequence of (|7|) and, again, Proposition 2.19 (i) in |17j . 
which is the transference principle we alluded to. The third estimate (|37p is a consequence of a 
linear estimate: again by Proposition 2.19 in [17J, we have, as a consequence of (|19p . that for any 
w m localized at 2 m , I e N, 

(38) ll(V) V|| L 4 i4 < TH^ m \\ Wm \\ ut < Th^ m \\w m \\ v i, 

using Ug a Vg. Hence (f3"T|) follows by Holder. The second (key !) estimate (|36p is proven in two 
steps: first, combining by Holder (|34p on v k and the trivial "energy" estimate on Uj, we get a new 
bilinear estimate, 

rT rT 

(39) 2 -■' \\v k V Uj f 2 dt +\ \\ Uj v k \\ldt < T2 2k k 4 \\u j \\ 2 rx ||wfc(0)||^ 2 • 

Jo Jo S s 

We may now apply Proposition 2.20 from [17] to the operator T mapping Uj to UjV k : by (|39p 
it maps to L\L 2 with constant CiVT2 k k 2 \\v k (0)\\ U 2, while by (l35j) it maps U$ to L\l? with 

constant C 2 \fT2 k \vk(fS)\xj%- ^ s a resu lt, T maps Vg to h\L? with constant C^\IT2 k log fe||vfc(0)||;j2 
which is the desired result. The estimate for v k Vuj follows similarly. □ 



We remark that the right-hand side of (f3"T|) may obviously be replaced by the right-hand side of 

il^v 2 . 

Lemma 4.4. Let jx,j 2 , ]a ^ J3? we have 



36|) . as Ua a Vg. This will be useful in unifying the treatment of nonlinear terms later. 



(40) 2 \Ih,h,h,u\ ^ r||««|| vi||u( 2 i|| vxllu^HoillA^ 



\\X}\\"j a UUP^U II V s 

h ,32 



2 . 
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Proof. One should think that the most difficult case is when ji, j'2 ^ 3a'- Estimate (|4"0|) then follows 
from (|35p and (|36p after pairing both low frequency factors with the higher frequencies factors, 
applying Cauchy-Schwarz, summing over Ji,j2 and using the definition of Xf: without loss of 
generality, let j 1 sc j 2 , 

IT I II ( 2 ) ( 3 ) II II (!) A II 

I 1 31 J2J3 J4 

2 l^^l * 2 ^(log j ! ) i 2^'i || H ^ (log j 2 ) i 2^ || ^ [] ^ I| [| ^ g I| 1| ^ 

which implies the desired result. When j'4 is less than ji and/or we simply use (|37p on the u 
factor and one of the u's. □ 

Assume that e = 0, 1/2, s > 0,1 < p together with 

2^(logi 3 ) e ||^3 ) || £ /| = a j3 e V and 2( 2 -^ (log j 4 ) ^IM^ = & 4 6 ^' 
then we may sum over j'3 j'4 (using Young for discrete sequences) to get 

Yj l J ilJaj3J*l ^ ll« (l3 |lx, 1 ll u(2) |lx ! 1 ll(«J3)j3llip|l(/ 3 j4)j4lliP'- 

Both nonlinear mappings from Proposition 14.11 follow for such a restricted set of indices { ji , ji , j'4 < 
j'3}, choosing s = 1, p = 1, e = 1/2 and then 1 < s < 3, p = 2, e = 0. 

We now deal with the most difficult situation, namely ji, j2; J3 J4- Without loss of generality, 
we may suppose ji < ji ^ j'3. Integrating by parts the full Laplacian, we get terms like 

( 41 ) J i:i.-- l ;-i; = J Q ^uf^uf^AufJv^dxdt and K jlthd3jji = J ^uf^VufJ -Vu^v^dxdt 

where successive boundary terms vanish due to the Dirichlet boundary condition and where we kept 
only the most difficult terms (derivatives fall on the highest frequencies). 

Lemma 4.5. Let j\,ji ^ J3 ^ J4, we have 

(42) ^ \ J h,h,n,h\ S T||n( 1 )|| Xil ||n( 2 )|| X;1 ||Ang ) || c/| ||^ 4 || y| , 

31 >32 

while 

(43) 2 l-K^a^a^l ^ rll^ll^xll^ll^aat^ll^t^fll^a^ll^llv^ . 
3l,32<33 

Proof. The Jj 1 ,j 2 ,j3,j4, integral may be dealt with like we did for Ij 1 ,j 2 ,j3,ji- indeed, 

\ J h,j2,j 3 ,j4\ ^ \Wf 2 ^f]\\ L 2 L 4v^VjJ L 2 L 2 

2 \In,n,h,34\ £ 2 ^"(log Ji ) 1 2^ || ^.^ || ^ (log j 2 ) i 2^ || ug } || ^ || A W g> || a| || ^ 4 1| ^ 2 

3i<32 31^32 

S \ J h,h,h,3i\ < \\u {1 \\x}\\u {2) \\xl\\^^\\ U 2\\v h \\ V 2 

31^32 
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The Kj lt j 2t j 3t j 4 is interesting in that it does not require the use of ([36]) but only ([35]) and the linear 
L\ x estimate f[38|) : 



2 l 1 ^,;^ 2 ^NltiglDia^nttgl^DwglDia^n^llvi 

jl^j2 jl^j2 



V 



2 \Jh,hJs,n\ * h^Hxl^xt&^Hvt^l 

where we notice that the log factor in X\ could be dispensed with. □ 

Now, we may again conclude as we did before for both remaining sums over j% < j^, in order to 
achieve the proof of Proposition 14,11 for 1 < s < 2. 

However, for 2 ^ s ^ 3, we need to integrate by parts again: in fact, v e Y 2 ~ s is still at zero or 
negative regularity, so we set v = Aw and we consider 

(44) 

JjijaMj* = j ^ufhfjAufjAw^dxdt and Kj 1} j 2 ,j 3 ,j 4 = J £ VufJ ■ VufJ Aw h dxdt 

where, again, we kept what is, at this stage, the worst distribution of derivatives. The Jj l ,j 2 ,j3,j4 
integral is nothing but our original Ij l ,j 2 ,j 3 ,j 4 1S disguise, with Auj 3 playing the part of Uj 3 and w 
the part of v; we leave the details to the reader. The Kj 1 ,j 2 ,j 3 ,j i integral requires more care: first, 
remark that we may integrate by parts twice, as the successive boundary terms will vanish due to 
u ji\dQ = an d then wqq, = 0. If the Laplacian hits any individual Uj factor, we are back with an 
integral like our previous Kj 1 j 2 j 3 j i . Hence the last remaining case to deal with corresponds to 



for which we use (|36j) on the u^Wj^ factor and the linear estimate (|38p for the remaining two factors. 

□ 

Remark 4.2. One should emphasize that once a global solution is obtained for 1 < s < § (so that 
Hq = H S (Q,) n Hq), using the available Strichartz estimates one could propagate classical H a (Q) 
regularity for a > s by using the equation and energy estimates. The main point of the previous 
analysis in X s spaces is to illustrate that one may perform more than one integration by parts in 
the analysis of the worst case scenario j'4 > j'3 ( which does not exist in M 3 by orthogonality due to 
disjoint Fourier supports). In fact, one could perform one last integration by parts (with just one 
gradient) in the worst part of Jj lt j 2 j 3t j 4 to reach s < 4, taking advantage of d 2 U\gQ = to dispense 
with the corresponding boundary term. 

Let us denote by |||u||| T = ll^-T.T^IIx 1 - Proposition 13.11 is a simple consequence of Banach 
fixed-point theorem in a suitable ball of the space endowed with norm From now on, all 

numerical constants are written explicitly and numbered. We have 

|||u||| T < |||5*(t)u(0)||| T + dT \\\u\\\% sc C |K0)|| B i,i + CiT I 



J 2.l 



And we may solve for 
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We now proceed with Proposition 13.21 we only need to prove an estimate on the time of exis- 
tence, persistence in X s being a direct consequence of (|3ip . which we may rewrite, with ||ii|| s ,T = 
\\l(-T,T) u \\x s , 

\\ u \\s,T C*3 11^(0) || H s + C4T |||n|||^ II U II S< T- 
As such, adjusting the C 2 constant if necessary, 

\u{T)\ H * sc \u\ s%T sc 2C 3 ||ti(0)|| /f ., 

provided T satisfies (|45p , We now proceed with a logarithmic Sobolev inequality: for any / e B„\ , 
for s = 1 + 7], we have, for J large, 

J 

||/|| B i,a ^ HS0/H2+ 2( 1 ogi) | 2 J ||A J /|| 2 + ^QogfihiWAjfh 
.1 » j>J 
J 1 

\\S fh + (Jlog J)^(2 ^IIAj-ZllI) 3 + ^QogfiW-rt^Arfh 

< ||/|| 2 + (JlogJ)5||/|| H1 +2-f^||/||^ 

< imi 2 + (jiogj)^(n/bi + 2-^ j ii/b s ) 

and the (• • • ) is optimized in J for J = 2/f7log(7/||/||#s/(2||/||#i)). As such, we get 

(46) || / 1| B i,i < || / 1| H i (C 5 + C7 6 (log || / 1| f, s log log || / a ) . 
Using this inequality, for H s data, (|45p yields a new time of existence, 

(47) T — 

|ii(0)||| rl log||«(0)|| ff .Ioglog|K0)||H. ' 

and the proof of Proposition 13.21 is complete. □ 
Finally, we prove Theorem 13.11 by iterating the local in time construction from Proposition 13.21 
In the defocusing case of ([T|), the Hamiltonian E(u) is conserved and controls the H 1 norm. Set 
T\ = T, and repeat the local in time construction from the data u(Ti), and reach T\ + T 2 , with 

T C7 cv 

2 Etog||u(ri)||^.loglog||u(Ti)|| H . Elog{2C 3 \\u(0)\\ H s)loglog(2C 3 \\u{0)\\ Hs ) ' 
after n steps, we reach T\ + T 2 + • • • + T n , with 

T CV 

n ~ ElogHTn-JWHsloglogWuiT^WH* ~ Slog((2C3)^ 1 ||n(0)||^)loglog((2C 3 )"- 1 ||n(0)|| i?s ) 

which yields for n large enough (depending on C3 and ||u(0)||i/s), 

T > ° 8 
nlogn 

Therefore the series 2 n diverges and we may reach an arbitrarily large time. Moreover, 
\\u{T n )\\ H s s$ (2C 3 ) n-1 1^(0) || # s ~ C 9 (expexpexpr n )||n(0)||^- 

Hence, we proved global existence in the defocusing case for ([1]). The focusing case is handled 
similarly, with the additional restriction on the mass ||-u(0)|||, which is a conserved quantity, and 

is required to be small so that ||u||#i stays comparable to E* by using the Gagliardo-Nirenberg 
inequality. 
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